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Abstract — We introduce nonlinear transmission lines
(NLTL) based on left-handed (LH) media and simulate third-
harmonic generation in a material that in two dimensions
could also focus microwaves. We discuss physical phenomena
that lead to and affect harmonic generation in LH NLTL and
we outline advantages of LH NLTL media for developing a
new type of frequency multiplier.

Index Terms — frequency conversion, high-pass filter,
left-handed media, metamaterials, negative refractive index,
nonlinear transmission line, periodic structure

1. INTRODUCTION

Artificial materials (metamaterials) with simultaneously
negative permeability and permittivity are sometimes
called left-handed materials (LHM). LHMs use arrays of
metallic wires and arrays of split-ring resonators [1] or
planar transmission lines periodically loaded with series
capacitors and shunt connected inductors [2], [3]. The
unique electrodynamic properties of these materials, first
predicted by Veselago in 1968 [4], include the reversal of
Snell’s law, Doppler effect, Cherenkov radiation and
negative refractive index, making them attractive for
fabrication of new types of radio frequency (rf) and
microwave components. The most tantalizing is the
possibility to use these materials to build perfect lenses
because of their inherent negative refractive index [5].

Most studies of LHM have been performed in linear
regime of wave propagation. However, combination of
nonlinearity and anomalous dispersion of LHM may give
rise to many new and interesting phenomena and
applications. Some nonlinear wave phenomena that occur
during propagation of the wave along the boundary
between right-hand medium (RHM) and LHM, when one
or both of them are nonlinear, have been considered in
[6]-[9]. Here we consider for the first time nonlinear
wave phenomena in LHM alone. We present simulations
of higher harmonic generation in LHM based on the dual
of the conventional nonlinear transmission line (NLTL) or
left-handed (LH) NLTL with anomalous dispersion. Such
structures can be realized with varactor diodes instead of
capacitors in the transmission line negative refractive
index media proposed by Eleftheriades et al. [2]. The
mechanism of higher harmonic generation is nonlinear
resonance in the LH NLTL, which results in self-induced

periodicity leading to self-induced phase-matching of the
fundamental wave with one of its higher harmonics.

II. MODEL DESCRIPTION

The equivalent circuit of the LH NLTL used in our
simulations is shown in Fig. 1. Nonlinear wave processes
in this equivalent circuit are governed by the following
system of equations:
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where L, is the inductance, R; is the diode series
resistance, ¥, and iS are respectively the voltage at the
n-th node and current through n-th nonlinear capacitor
C, C(V -V 1) formed by two back-to-back varactor
dlodes to provide symmetric capacitance-voltage

characteristics expressed as:
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In our simulations the values for prototype Agilent TC803
hyperabrupt varactor diodes are used: C,, =1 pF,
M=1.039, V,;,=0.7 V, R;= 6 Q. These diodes were
chosen because of their high capacitance ratio:

C(07)/C(10¥)=17. The input port of LH NLTL is fed
by sinewave signal V, =V, sin(wt). The amplitude of the
input signal is chosen so that the voltage drop across the
diodes does not exceed the breakdown voltage V.= 10 V.
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Fig. 1. Equivalent circuit of LH NLTL.



The circuit is loaded with resistance R, =0.8Z
(Z, =\L, / C jo)m) which is equal to generator resistance
R, =R, . A simple 5-diode LH NLTL (only 3 diodes are
shown in Fig. 1 for simplicity) has been simulated with
the commercial microwave circuit simulator Agilent ADS.

In the linear case (C, =C,,) without losses (R,= 0),
the dispersion relation is:
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where ¢ is the phase shift per section. The value p =7
corresponds to the boundary of the transparency band (the
minimal frequency of the propagating wave or the Bragg
cutoff frequency):
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In the linear limit, the circuit under consideration is a high
pass filter. When @ is increased, ¢ decreases
monotonically (anomalous dispersion). The fundamental
wave (-7 <@, <) propagating in this structure is
backward (phase and group velocities are directed in
opposite directions). This property permits us to refer this
structure as left-handed (in Veselago’s terminology [4]).

III. RESULTS OF SIMULATIONS

Fig. 2 plots conversion efficiency for 3™ and 5"
harmonics (the ratio of the harmonic power delivered to
the load to the input power applied to LH NLTL) together
with the ratio of the power of the fundamental wave (input
wave) transmitted to the load versus normalized
frequency. Generation of higher harmonics is possible in a
limited frequency range. From the lower side, the 3™
harmonic generation region is limited by the transmission
line Bragg cutoff frequency (5). At the same time due to
the nonlinearity of the system, any voltage drop across the
diodes will shift the cutoff frequency wup. Strictly
speaking, the wave can be considered as propagating only
if its frequency is

1
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ax =V, 18 the maximum voltage across the
varactor. Results of the simulations showed that the upper
boundary of the 3™ harmonic generation region roughly
corresponds to this frequency. In our case @./w, =4.1.
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In the gap between the cutoff frequency and w. we
should expect a monotonic growth of the power of the
fundamental (input) wave transmitted to the load. We can
see that growth in Fig. 2 together with the increase of the
third-harmonic efficiency.

The maximum of 3™ harmonic generation efficiency
corresponds to the total phase shift across the LH NLTL
of 27 which we call a nonlinear resonance. Detailed
analysis has demonstrated that an intense fundamental
wave induces a periodic variation of the capacitance along
the LH NLTL. The period of this variation is equivalent to
two stages of LH NLTL. This self-induced periodicity
results in a dramatic change of the dispersion
characteristics, enabling phase-matching of the
fundamental wave and its 3" harmonic, which would
otherwise be impossible in linear limit. Harmonic
generation in LHM is qualitatively different from
harmonic generation in RHM. For example, in the
conventional low-dispersive NLTL, the fundamental wave
stays phase-matched with its 3™ harmonic in the linear
limit.

Furthermore, the periodicity (discreteness) of the LH
NLTL is essential for harmonic generation.  The
periodicity is inherent to realizable LH NLTLs, but to get
harmonic generation in quasihomogeneous, LHMs like
those using arrays of metallic wires and split-ring
resonators, one should load them periodically with
nonlinear components.

The drop in power transmitted to the load when we
move out of resonance is related to the instability known
as parametric generation of traveling waves [10]. The
high-frequency fundamental (pump) wave with
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Fig. 2. Conversion efficiency (%) vs. relative frequency.



frequency ay generates three other waves with frequencies
o, <o, 0,=20,—0, and 0, =w,+2w, so that the
phase-matching condition for four interacting waves is
satisfied. The wave at @, propagates in the opposite
direction relative to the fundamental (pump) wave and the
two other parametrically generated waves. We thus have a
similar situation to backward wave parametric generation
[10], [11]. Waveform evolution in the LH NLTL has
many similarities with the competition between resonant
excitations and nonlinear parametric interactions recently
discussed in nonlinear optics (see [12] and references
wherein).

Fig. 3 compares voltage waveforms at the input and at
the load corresponding to the maximum 3™ harmonic
conversion efficiency and Fig. 4 is the spectrum of the
latter waveform. The 5™ harmonic conversion efficiency is
< 1% so power conversion into the 3™ harmonic is very
efficient (about 20 %) and generation of higher harmonics
is suppressed. Assuming R; to be 50 Q, one can solve for
circuit parameters specified in Section II, arriving at the
value for the fundamental (input) frequency
corresponding to the maximum conversion efficiency to
be 3.7 GHz and for the value of power of 3™ harmonic
delivered to the load to be 14 mW.

The 3™ harmonic conversion efficiency in LH NLTL is
of the same order as that which can be obtained in a
conventional periodically loaded NLTL with normal
dispersion (of the low-pass filter type) [13], [14] but the
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Fig. 3. Comparison of input and output waveforms

corresponding to maximum of conversion efficiency
(@l 05 = 2.89).

required transmission line length is shorter for the LH
NLTL, so the per-section efficiency is higher. Also the 3-
dB operating bandwidth is two times wider (60% vs. 30 %
[13]). The efficiency is limited by the occurrence of
parametric instability at high frequencies (which is
determined by nonlinearity, namely, capacitance ratio and
breakdown voltage) rather than the Bragg cutoff
frequency. For the same reason, the frequency of the
fundamental (input) wave can be higher for a given Cy
and Ly in the LH NLTL.

Finally, we note that all the qualitative considerations
presented here are valid for second harmonic generation in
LH NLTL periodically loaded with biased diodes with
asymmetric capacitance-voltage characteristics.

IV. CONCLUSIONS

Our simulations demonstrate efficient harmonic
generation along LH NLTLs. Harmonic generation is
possible over a significantly wider operating frequency
range and at relatively higher frequencies in comparison
with dual conventional low-pass filter type NLTL.
Extending these results for one-dimensional LH NLTL to
two dimensions would enable combined harmonic
generation in LH NLTL media with focusing, due to the
negative refractive index of 2-D LH transmission line
media, leading to the development of highly efficient
powerful frequency multipliers.
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Fig.4. Spectrum of the voltage waveform at the load shown in
Fig. 3.
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